(Nonlinear) Fluctuating Hydrodynamics and
Physics on Mesoscopic Scales

joint work with Herbert Spohn
Part 1

Christian B. Mendl|

Technische Universitat Dresden

August 26, 2019

1000 A R

\.x

'elapsc'd time

500
20s

0

10s
-500 0s

-1000

0s

-1000 0 1000 (um)

First Berlin — Leipzig Workshop on Fluctuating Hydrodynamics



Overview

Nonlinear fluctuating hydrodynamics perspective of Hamiltonian systems

Multiple scales:
@ microscopic:
Fermi-Pasta-Ulam (FPU)-type
anharmonic chains

@ mesoscopic:
KPZ partial differential equation

@ macroscopic:
fluid dynamics (hyperbolic
conservation laws)
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Fermi-Pasta-Ulam (FPU)-type anharmonic chains

Particles with positions g; and momenta p;
Hamiltonian:

1
H= Z 2m,-p"2 + V(giv1 — qi)

Interaction potential depends only on difference gj+1 — g; ~» momentum
conservation



Fermi-Pasta-Ulam (FPU)-type anharmonic chains

Particles with positions g; and momenta p;
Hamiltonian:

1
H= Z 2m,-p"2 + V(giv1 — qi)

Interaction potential depends only on difference gj+1 — g; ~» momentum
conservation

Equations of motion
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with the stretch ri = qiy1 — qi
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FPU-type anharmonic chains: Conserved fields

Conserved fields:

r; stretch
u(i)= | pi momentum
e; energy

with stretch r; = g;11 — g; and energy ¢; = ﬁpf +V(r)



FPU-type anharmonic chains: Conserved fields

Conserved fields:

r; stretch
u(i)= | pi momentum
e; energy

with stretch r; = g;11 — g; and energy ¢; = ﬁpf +V(r)

Microscopic currents
Jiy=[ —V'(i)

~~ microscopic conservation law

LG, t) + T+ 1,8) = T (i, £) = 0



Connecting anharmonic chains <+ stochastic PDE

@ microscopic conservation law

Lu(i,t)+TJ(i+1,t) = J(i,t)=0
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Connecting anharmonic chains <+ stochastic PDE

@ microscopic conservation law
Lu(i,t)+TJ(i+1,t) = J(i,t)=0

| (local) thermal Gibbs equilibrium % e=#(&+Pi)dp;dr;
U(x,t)

SRR o

@ Euler equation
deu(x, t) + Oxj(u(x, t)) =0

© Expand current to second order in u, add dissipation plus noise ~~
Langevin (stochastic Burgers) equation

deu(x, t) + 0c( j(@) u+ 3j"(@)® — Dou + & )=0
—~— — ——" ~—
velocity ¢ nonlinear current  dissipation noise

~» KPZ equation with u(x, t) = dch(x,t)

Spohn J. Stat. Phys. (2014), Mend| and Spohn PRL (2013)



Kardar-Parisi-Zhang (KPZ) and 1D surface growth

Kardar Parisi Zhang (1986)
Oeh(x,t) = IXN0Oxh)?  + DOZh + ¢
———— N——— ~~

tilt-dependent growth  dissipation ~ noise
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(a) single-step model, TASEP; cf. Johansson 2000



Kardar-Parisi-Zhang (KPZ) and 1D surface growth

Kardar Parisi Zhang (1986)

6th(X, t)

metastable

= IA(0«h)?
N——

tilt-dependent growth

+ DI?h + ¢
~—— ~—~
dissipation noise
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(b) Growing interfaces of liquid-crystal
turbulence (Takeuchi et al. 2010)

(C) Bacteria growth (APS
Physics, Yunker et al. 2013)



Experimental evidence for KPZ universality
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Figure: Growing cluster in a nematic liquid crystal (Takeuchi and Sano 2010)



KPZ prediction for space-time correlations (scalar case)

Langevin (noisy Burgers) equation

Oeu+ Ok (j'(@) u+ 3j"(G)u* — DOxu+¢€) =0
~—

Want to obtain correlator S(x, t) = (u(x, t); u(0,0))



KPZ prediction for space-time correlations (scalar case)

Langevin (noisy Burgers) equation
Oeu+ Ok (j'(@) u+ 3j"(G)u* — DOxu+¢€) =0
—~—

Want to obtain correlator S(x, t) = (u(x, t); u(0,0))
Long-time limit

S(x, t) = x(\|t]) " *fcpz ((/\|t|)72/3(x —ct))

S0 t=1/2

0.8 — t=1
— t=3/2
— t=2
— =3
— t=4

Halpin-Healy and Takeuchi 2015



Generalization to several fields

Langevin equation for several fields:
3¢ + 0, (AT + (@, Hi) — 9,DiT +€) =0
with
Aop = Ougia, Hessians: Hgz = 8uﬁauﬂ,ja, Jo = (Ja)

Initial correlations:  (u4(x,0); Uy (x',0)) = Coar 6(x — x')



Generalization to several fields

Langevin equation for several fields:
3¢ + 0, (AT + (@, Hi) — 9,DiT +€) =0
with
Aop = Ougia, Hessians: Hgz = 8uﬁauﬂ,ja, Jo = (Ja)
Initial correlations:  (u4(x,0); Uy (x',0)) = Coar 6(x — x')
Diagonalize A: $: Ri, RAR™!=diag(—c,0,c), RCR"=1 ~
Otda + Ox (Catba + 3(8, G7¢) — 0Do + BE) =0

X
—-1000 =500 500 1000

Spohn J. Stat. Phys. (2014), Mend| and Spohn PRL (2013)



Application to hard-point chains

1
H = Z Tmipi + V(r;), stretch ri = git1 — q;
Canonical ensemble ~~ local thermal Gibbs equilibrium factorizes:
Z 1 e_ﬂ(ef-i'Pr,-)dpidri

= (l,v,e) with { = (r;)pg,e = (e)p s, one-to-onemap ({,¢)< (P,p)


https://github.com/cmendl/fluct-hydro-chains

Application to hard-point chains

1
H = Z Tmp’z + V(r;), stretch r; = git1 — g

Canonical ensemble ~~ local thermal Gibbs equilibrium factorizes:
zZ1 e_ﬁ(eerP”)dp;dr,-

= (l,v,e) with { = (r;)pg,e = (e)p s, one-to-onemap ({,¢)< (P,p)

3
Coupling matrices: G* = 1 Z Rao/ (R™H)THY R71

a’=1
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Gl=—"1-1 0 -1], G°=—21{o0
V6 \ o

0
0
26\, 1 o 1

o O O

Mendl and Spohn PRE (2014), https://github.com/cmendl/fluct-hydro-chains


https://github.com/cmendl/fluct-hydro-chains

Numerical simulation results for hard-point chains

Average over 107 realizations
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KPZ prediction for correlations of field variables:

S(x, 1) = (u(x, £);u(0,0)) = x(A[t]) "> *fipz ((At]) 7>/ (x — ct))

(1., t=1024 A% SHADPx.0) A% SO ox+et)
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1
Mendl and Spohn: PRL (2013), PRE (2014)



Application to the DNLS

Nonlinear fluctuating hydrodynamics for the
discrete nonlinear Schrodinger equation

(DNLS)



Discrete nonlinear Schrodinger equation (DNLS)

i e = =52 (Yip1 — 205 + vio1) + g [i* i

N—1
H=> " s=lizn— il + 3 g lil*
i=0

with i € Z; here: defocusing case g > 0
cf. Gross-Pitaevskii equation

Applications:

@ nonlinear optical wave guides
@ Bose-Einstein condensates

@ electronic transport

Discrete (lattice) NLS is non-integrable!



Relation to quantum liquids
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@ Bose-Hubbard model in the limit of large
density and weak coupling U/t < 1
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density and weak coupling U/t < 1

@ goal: dynamical correlations, e.g.,
density-density (p;(t); po(0)) with
pi(t) = [wi(t)]? (cf. Green-Kubo)



Relation to quantum liquids

i Sehi = — 5k (ip1 — 205 + Yic1) + g [il* i

@ Bose-Hubbard model in the limit of large
density and weak coupling U/t < 1

@ goal: dynamical correlations, e.g., £
density-density (p;(t); po(0)) with
pi(t) = [wi(t)]? (cf. Green-Kubo)

@ relation to “second sound” in a Fermi gas:

Figure: Sidorenkov
et al. Nature (2013)



Conservation laws and currents

Polar coordinates: ; = \/p; el¥i

density  pi = [¢i[?
phase difference r; = ¢iy1 —¢; (almost conserved at low T)

energy e = 5o |tiy1 — ¥il* + S g il



Conservation laws and currents

Polar coordinates: ; = \/p; el¥i

density  pi = [¢i[?
phase difference r; = ¢iy1 —¢; (almost conserved at low T)

energy e = 5o |tiy1 — ¥il* + S g il
Example: local density conservation law
E0i(t) + Tpia(t) — J,i(t) =0,

corresponding density current

Tpi = 5=i (Vi1 Oy — 7 Obi_1)



High temperatures: vanishing currents, diffusive transport

Canonical ensemble:
N/2—1

Zn(p, B) e PN T dpidepy

i=—N/2
Density and energy currents are of the form i(z — z*) ~~
(JTpi) =0, (Jei) =0
~~ based on linear fluctuating hydrodynamics, one expects diffusive

spreading of time-correlations (cf. kernel of heat equation)
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Figure: Equilibrium time-correlations at 8 =1 and t = 1536



Low temperature analysis

polar coordinates: v; = /p; el¥i,
phase difference:  r; = ;11 — ; (almost conserved at low T)

Exact Hamiltonian in polar coordinates (angles ¢; and p; > 0):

=
-

H=> (—%vpir1pi cos(viv1 — i) + mpi + 58 07)

—.
Il
o

Umklapp: [pi+1(t) — @i(t)| =7




Low temperature analysis

Umklapp: |¢iy1(t) — ¢i(t)| =7

Low temperature analysis: regard angles ¢; as variables in R and
suppress Umklapp processes, i.e., replace

—L cos(ir1 — i) = U(pisr — ¢i)  with

U(x) = =L cos(x) for |x| <, U(x) =00 for |x|>m




Low temperature analysis: average currents

polar coordinates: v; = /p; el¥i,
phase difference: r; = pii1 — @i

Canonical ensemble:

N-1
Zn(p v, B) 7" o AH=n 3 pimv 31i) H dp;dr;
j=0



Low temperature analysis: average currents

polar coordinates: v; = /p; el¥i,
phase difference: r; = pir1 — @;

Canonical ensemble:
N—
Zn(p, v, 5)_1 e_’B(H_“ 3 pi—v i) H dp;dr;

Field variables p;, r;, e;, corresponding average currents:

I: <j> <(jp,i,jr,i7je,i)> = (Vaﬂ,lﬂ’)



Low temperature analysis: average currents

polar coordinates: v; = /p; el¥i,
phase difference: r; = pii1 — @i

Canonical ensemble:
N—1
Zn(p, v, 5)_1 e_’B(H_“ 3 pi—v i) H dp;dr;
j=0

Field variables p;, r;, e;, corresponding average currents:
F=(T) = (Tpis Tois Tei)) = (0, 1 p1v)

(Omitting r; and setting v = 0 reverts back to zero average currents, as
for high temperatures)



Simulation results for the DNLS

inverse temperature 5 = 15
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Figure: Equilibrium two-point correlations Sfl(j, t), showing the right-moving
sound peak at different time points



Simulation results for the DNLS

inverse temperature 5 = 15
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Figure: Central heat mode S%(j, t), at 8 = 15



Numerical implementation
Evaluating the partition function

N-1
Zn(p, v, B) = /e_ﬁ(H_“Zf”"_”Zf”) H dp;idr;

Jj=0

For v = 0, first evaluate angular integrals r; on [—7, 7] (Rasmussen et al.

2000) ~
N—1

Zn(p,0,5) = /H K(pis+1, pi) dpj

Jj=0
with transfer operator or kernel K(x,y) = Ki(x,y)Ko(y) and
Ki(x,y) = 27l (81 /Xy) e B0 | Ko(y) = ot/ o= P1s(v=8)

Then
Nllm % |Og ZN(;u'v 07 B) = log()‘max(K))
—00



Numerical implementation
Evaluating the partition function

Use a Nystrom-type discretization for the kernel: given a Gauss
quadrature rule

/ f(p) eiﬁ%g(pig) dp ~ Z w; f(x;),
0 i=1

construct the symmetric matrix
(Ka G 30 V700)
and calculate its largest eigenvalue, denoted A;. Then
log(Amax(K)) & B 1 + log )y .

~~ exponential convergence with respect to number of quadrature points

cf. Bornemann 2010: “On the numerical evaluation of Fredholm determinants”
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