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Discrete model: TASEP particle process

Totally Asymmetric Simple Exclusion Process:

height function h(x, t) <> time-integrated current ®(x, t)



Tracy-Widom distribution for wedge initial geometry

(T)ASEP particle process: integrated current ®(x, t) converges to GUE
Tracy-Widom distribution Fy(x):

_ 1/3
®(0,t) ~ 2t — (27%) / Erw

(Compare with GUE ensemble \y ~ 2N + N1/3£Tw for largest
eigenvalue of complex hermitian matrices A ~ Z~! exp[— 5 trA?])

Johansson 2000 for TASEP, Tracy and Widom 2009 for ASEP



Wedge initial geometry translated to conserved fields

Derivative u(x, t) = dxh(x, t) has a jump for “wedge” initial conditions:

h(x.0) 8,h(x,0)

1 1

~> “domain wall” initial conditions, i.e., solve Riemann problem

U(x,0)=d_ for x <0, &(x,0)=1dy for x>0



Integrated current and TW for anharmonic chains

Integrated current for anharmonic chains (corresponds to h(x, t)):

t X
(x, t):/0 i, t’)dt’—/o u(x',0) dx’

(path independent since (—u,j) is curl free: Oru + Oyj = 0)
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In analogy to (T)ASEP, for integration within rarefaction wave: expecting

‘D(Ct, t) ~ got + (Ft)1/3£TW



Integrated current: Transformation to normal modes

Projected current components (with asymptotic value subtracted):
(Dg(t) = <'(/;U|(B(Ct, t) - t(I(Jc) - Cﬁc)>

with 9, the left eigenvectors of A(d.)

¢§(t) results from perturbations propagating with velocity ¢ along the
magenta observation ray ~~ expecting

q)ii(t) ~ (I'l t)1/3£1~\y



Integrated current: Transformation to normal modes

Projected current components (with asymptotic value subtracted):
(Dg(t) = <'(/;U|(B(Ct, t) - t(I(Jc) - Cﬁc)>

with 9, the left eigenvectors of A(d.)
Cb’i(t) results from perturbations propagating with velocity ¢ along the
magenta observation ray ~~ expecting

q)%(t) ~ (I'l t)1/3£1~\\r

Components o # 1 pick up samples from essentially independent
space-time regions ~~ central limit type behavior

®f (1) ~ (T,1)Y2¢q, o#1,

with {¢ a normalized Gaussian random variable



Application to the LeRoux lattice gas
(Fritz and Téth 2004)

+1 and —1 particles ~» occupation 7; € {—1,0,1} (0: empty)
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Application to the LeRoux lattice gas
(Fritz and Téth 2004)

+1 and —1 particles ~» occupation 7; € {—1,0,1} (0: empty)

T~ A P Y e N N

Steady state parameters i = (p, v) with p: hole density, v: velocity
P,v(ni=0)=p, P,u(ni==+1)=31-p=tv)
Conservation law:

Deli+ 0j(@) =0 with j(@) = —(pv,p+v? —1)

—

Jacobian A = 9i(a) = — (V p)

oa 1 2v
Diagonalization: Ay, = ¢, (o = +1) with

B 20p
CC,:—%V—F%U\/m, %—Zal<av—\/m>



Riemann problem for LeRoux

—

Rarefaction curves: solve Cauchy problem 0,0 = v, ()

Mendl and Spohn 2016, 2017, cf. Bressan 2013



Riemann problem for LeRoux
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Mendl and Spohn 2016, 2017
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Entropy:  S(p,v) = — Z P, v(n)logP, ,(n)

n=-1

Entropy flux:  g(p, v)
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(b) entropy flux g(p, v)

(a) entropy S(q,v)



Entropy: S(p,v) = — Z P,v(n)log Py (1)

Entropy flux: q(ﬂv V) =v+ Z (V - n)Pp,v(n) IOg]Pp,v(n)
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(b) entropy flux g(p, v)

(a) entropy S(q,v)

Entropy inequality admissibility condition (in the sense of distributions):
0eS() + D) = AS(@) > 0

Can derive AS(&) = 0 for rarefaction, AS(&) > 0 for shock
Mendl and Spohn 2016, 2017, cf. Bressan 2013



Simulation results for LeRoux: integrated currents

Statistical distribution of (I';t)~'/3 <Dﬁ1(t) ~ Tracy-Widom
std.dev.(®} (1) probability
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I = |G} | (entry of coupling matrix)

Projection (M_1t)~ /2 &% (t) ~ Gauss
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Application to hard-point chain: Riemann problem

090 @ €0 & O o ©e0 € oo ¢

Rarefaction curves: solve Cauchy problem
0-0=1¢q(0), a=0=+1

. t
with 9, the right eigenvectors of A = %

r B
m
orv] = c , P : pressure
e Lop+Zc

(a) energy vs. stretch (b) velocity vs. stretch
Mend| and Spohn 2016, 2017, cf. Bressan 2013



Riemann problem solution for periodic boundaries

Analytical solution of the periodic Riemann problem:
t
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orange: molecular dynamics

Mend| and Spohn 2016, 2017, cf. Bressan 2013



Entropy:
S(r,e)=pB(rP +¢€) + % log(2rm) — % log B + log Z(P, )

with P = P(r,e), B = f(r,e)

Entropy flux vanishes for anharmonic chains
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(a) shock x-t profile (b) entropy at t =10 (c) entropy at t > 0



Simulation of hard-point chain: integrated currents

Statistical distribution of (F1t)~1/3 ®#(t) ~~ Tracy-Widom
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Summary and conclusions

@ Nonlinear fluctuating hydrodynamics
+ KPZ framework

elapsed time
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@ Tracy-Widom GUE distribution for
“domain wall” initial condition

<l
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@ Observing Tracy-Widom GUE for
projected current component
integrated within rarefaction wave
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