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Schedule

• Instationary diffusion

– Method of lines: stability
– Finite differences: consistency, stability, and convergence

• Instationary diffusion and convection

– Finite differences: stability and artificial viscosity

• Unsaturated ground water flow: Richards equation

– Nonlinear algebraic systems
– Monotone multigrid
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Instationary Diffusion

instationary Darcy flow

S0pt = div(K∇p) + f, specific storage coefficient S0 = ρg∂n
∂p

> 0

heat equation
ut = div(DT∇u), DT = λ

cρ
in Ω

boundary conditions:

u|ΓD
= gD, DT

∂
∂n

u|ΓN
= gN , αu+β ∂

∂n
u|ΓR

= gR, ∂Ω = ΓD∪ΓN∪ΓR

initial conditions: u(x, 0) = u0(x) in Ω
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Method of Lines

weak formulation: Find u ∈ H = C([0, T ], L2(Ω)) ∩ L2((0, T ), H1
0(Ω)):

d
dt
(u, v) + a(u, v) = ℓ(v) ∀v ∈ H1

0(Ω)

Theorem: If u0, f are sufficiently smooth, then there is a unique solution u.

semi-discretization in space : Let Sh ⊂ H1
0(Ω). Find uh ∈ C1([0, T ],Sh):

d
dt
(uh, v) + a(uh, v) = ℓ(v) ∀v ∈ Sh

Theorem: If Sh is the space of piecewise linear finite elements, then

u ∈ C1([0, T ],H1
0(Ω) ∩H2(Ω)) =⇒ max

t∈[0,T ]
‖u(t)− uh(t)‖ = O(h)
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System of Ordinary Differential Equations

choice of basis: Sh = {span{ϕp | p ∈ Nh}, uh(t) =
∑

p∈Nh
up(t)ϕp

insert basis representation:

M∗U ′(t) +AU(t) = b, U(t) = (up(t))p∈Nh

stiffness matrix: A = (a(ϕp, ϕq))p,q∈Nh

mass matrix: M∗ = ((ϕp, ϕq))p,q∈Nh

lumping: M∗ → M = (mp,q)p,q∈Nh
diagonal matrix:

mpq =
1
3

∑

Tr∈Th

∑

s∈Tr

ϕp(s)ϕq(s)|Tr| =

{ ∫

Ω
ϕp dx, p = q
0 else
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Diagonalization

U ′(t) = −BU(t) + b, B = M−1A symmetric, positive definite

matrix T of eigenvectors:

T TBT = D, D = diag(λ1(B), . . . , λn(B))

diagonalized system:

V ′(t) = −DV (t) + d, V = T TU, d = T T b

decoupled problems:

v′i(t) = −λi(B)vi(t) + di, λi(B) > 0, i = 1, . . . , n
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Dahlquist’s Test Equation

v′(t) = −λv(t), v(0) = v0, λ > 0

unique solution: v(t) = v0e
−λt v(t) → 0 for t → ∞

discretization:

1
∆t

(vj+1 − vj) = −λ(θvj+1 + (1− θ)vj)

• implicit Euler scheme: θ = 1
• Crank-Nicolson: θ = 1

2
• explicit Euler scheme: θ = 0

truncation error:

1
∆t

(v(tj+1)− v(tj)) + λ(θv(tj+1) + (1− θ)v(tj)) =

{

O(∆t), θ 6= 1
2

O(∆t2), θ = 1
2
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Stability

discrete solution:

vj =

(

1− (1− θ)∆tλ

1 + θ∆tλ

)j

v0, j = 1, . . .

proper decay (strongly stable):

vj → 0 for j → 0 ⇐⇒ R(∆tλ) =

∣

∣

∣

∣

1− (1− θ)∆tλ

1 + θ∆tλ

∣

∣

∣

∣

< 1

• implicit Euler: R(∆tλ) = (1 + ∆tλ)−1 strongly stable

• explicit Euler: time step restriction ∆t < 2
λ

• Crank-Nicolson: strongly stable, but R(∆tλ) → 1 for λ → ∞
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Implications for the Heat Equation

U ′ = −BU + b, B = M−1A symmetric, positive definite

eigenvalues:
1/o(1) ≤ λmax(B) ≤ O(h−2)

• explicit Euler: time step restriction ∆t ≤ O(h2)

• Crank-Nicolson: bounded oscillations

• implicit Euler: no time step restriction, no oscillations

Upshot: implicit time discretization + fast spatial solvers
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Example: Finite Differences in 1D

Initial-boundary-value problem:

ut = uxx (x, t) ∈ (0, 1)× (0, T ) heat equation

u(0, t) = u(1, t) = 0 t ∈ (0, T ] boundary condition

u(x, 0) = u0(x) x ∈ (0, 1) initial condition

finite differences: uxx(xi) ≈ Dxxu(xi) =
1
h2 (u(xi−1)− 2u(xi) + u(xi+1))

explicit Euler scheme: Uij+1 − Uij = ∆tDxxUij, U0j = Unj = 0

matrix form: Uj+1 = Uj −
∆t
h2AUj, A =









2 −1
−1 . . . . . .

. . . . . . −1
−1 2
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Convergence
consistency:

‖τj‖∞ = O(∆t+h2), τij =
1
∆t

(u(xi, tj+1)−u(xi, tj))−Dxxu(xi, tj)

stability:

∆t ≤ 1
2h

2 =⇒ (I − ∆t
h2A) ≥ 0 =⇒ ‖(I − ∆t

h2A)‖∞ = 1

convergence:

ej+1 =
(

I − ∆t
h2A

)

ej +∆tτj, ej = u(tj)− Uj

ej = ∆t

j
∑

k=1

(

I −
∆t

h2
A

)j−k

τk

max
j=1,...,m

‖ej‖∞ ≤ ∆t

j
∑

k=1

∥

∥I − ∆t
h2A

∥

∥

j−k

∞
‖τk‖∞ ≤ O(∆t+ h2)
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Implicit Euler Scheme

Uij+1 − Uij = ∆tDxxUij+1

matrix form: BUj+1 = Uj, B = (I + ∆t
h2A),

B =





. . . . . .

−∆t
h2 +(1 + 2∆t

h2 ) −∆t
h2

. . . . . .





Theorem (cf., e.g., Hackbusch 1994, p.154)
B satisfies: sign pattern, strongly diagonally dominant
=⇒ B is an ”M-Matrix” (B regular, B−1 > 0), ‖B−1‖∞ ≤ 1

consequence: convergence with order O(∆t+ h2)
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Numerical Experiments

parameter: ut = εuxx, u0 = 4x(1− x), ε = 0.1, h = 1/50

time step: explicit Euler: ∆t ≤ h2/2ε = 1/500, implicit Euler: ∆t = h

computing time: explicit Euler: 1.83e-02 sec > implicit Euler: 1.22e-03
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Rothe’s-Method

disadvantage of the method of lines: fixed spatial mesh for all times

change of perspective: ordinary differential equation in Hilbert space

u′ = −Lu+ f, L : D ∈ H1
0(Ω) → H1

0(Ω)

Lu ∈ H1
0(Ω) : (Lu, v) = a(u, v) ∀v ∈ H1

0(Ω)

discretization:

• first discretize in time (e.g. by the implicit Euler scheme)

• then (approximate) spatial solution (e.g. by adaptive finite elements)
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Transport

transport of mass: ρut = div(D∇u) + β · ∇u+ σu+ f

ρ: density

D ∈ R
d,d: diffusion and dispersion

β = ∇p ∈ R
d : flow field (convection)

σ: adsorption

convection-diffusion equation: ut = ε∆u+ β · ∇u+ f
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Implicit Euler Scheme

initial-boundary-value problem:

ut = εuxx + ux (x, t) ∈ (0, 1)× (0, T )

u(0, t) = u(1, t) = 0 t ∈ (0, T ] boundary condition

u(x, 0) = u0(x) x ∈ (0, 1) initial condition

finite differences: ux(xi) ≈ Dxu(xi) =
1
2h (u(xi+1)− u(xi−1))

implicit Euler scheme: Uij+1 − Uij = ε∆tDxxUij+1 +∆tDxUij+1

unstable!
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Numerical Experiment

parameter: ε = 0.001, h = 0.01, ∆t = 0.01

unstable!
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Stability Condition

matrix form: BUj+1 = Uj, B = I + ε∆t
h2 (A− C)

C =









0 −P
P . . . . . .

. . . . . . −P
P 0









P = h
2ε ”Peclet number”

M-Matrix criterion:

B =





. . . . . .

−ε∆t
h2 (1−P ) +(1 + 2ε∆t

h2 ) −ε∆t
h2 (1 + P )

. . . . . .





sign pattern: P ≤ 1 ⇐⇒ h ≤ 2ε
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Numerical Experiment

parameter: ε = 0.001, h = 2ε = 0.002, ∆t = 0.01

stable!

Summerschool 2018






Stabilization by Artificial Viscosity

Uij+1 = Uij + ε∆t(1 + P )DxxUij+1 +∆tDxUij+1, if P > 1

matrix form: BUj+1 = Uj, B = I + ε∆t
h2 ((1 + P )A− C)

B =





. . . . . .

−ε∆t
h2 1 + 2ε∆t

h2 (1 + P ) −ε∆t
h2 (1 + 2P )

. . . . . .





sign pattern =⇒ ‖B−1‖∞ ≤ 1 for all h > 0

discretization error estimate:

max
j=1,...,m

‖u(tj)− Uj‖∞ = O(∆t+ h)
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Outlook

another perspective: upwind schemes

domain of dependence, Courant-Friedrichs-Levy (CFL) condition

extensions to two and three space dimensions:

streamline diffusion, finite volumes, discontinuous Galerkin methods, ...

even more complicated: the hyperbolic limit ε = 0

linear and nonlinear conservation laws
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Unsaturated Groundwater Flow

given water table h: dam problem

γE

γSP

gesättigt

γD

h

γSP

γE

ungesättigt
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Richards Equation with Solution-Dependent BC

∂
∂t
θ(p) + div v(x, p) = 0, v(x, p) = −K(x)κ

(

θ(p)
)

∇(p− ρgz)

state equations: (Brooks-Corey, van Genuchten)
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saturation/capillary pressure: θ = θε(p)

ε > 0
ε = 0

relative permeability/saturation κ = κε(θ)

ε > 0

ε = 0

quasilinear degenerate pde:

p > pb: elliptic

p < pb: parabolic

θ = 0 : hyperbolic

ε = 0: jump discontinuity

Signorini-type Boundary Conditions:

p ≤ 0, v · n ≥ 0, 〈v · n, p〉 = 0

auf γS := γE ∪ γSP

Summerschool 2018



Implicit Time Discretization

nonlinear algebraic system

θh(pj+1)− θh(pj) + div
(

−Kκ
(

θ(pj+1)
)

∇(pj+1 − ρgz)
)

= 0

solution techniques:

• ’freezing’ of the nonlinearities (Picard-Iteration)

• damped Newton linearization

lack of robustness: coupling of

- smoothness of θ(p), κ(θ)

- time step size

- algebraic convergence speed
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Monotone Multigrid Methods Berninger, Kornhuber, Sander 09

exploit convexity rather than smoothness:

homogeneous state equation:

• Kirchhoff transformation

• discretization → convex minimization

• multilevel descent method

• discrete inverse Kirchhoff transformation

piece-wise constant parameters in state equation:

• nonlinear domain decomposition
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Evolution of a Wetting Front in a Porous Dam

physical parameters: Ω = (0, 2)× (0, 1), sand → ε, θm, θM , pb, n

triangulation; uniformly refined triangulation T4 (216 849 nodes)

initial wetting front wetting front for t = 100s pressure pj
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Efficiency and Robustness of the Multigrid Solver

pre- and postsmoothing steps: V(3,3) cycle

0 20 40 60 80 100
0

0.2

0.4

0.6

0.8

1

from unsaturated... ...to saturated soil

t = 0 convergence rates ρ over time t t = 250s
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Robustness with respect to Soil Parameters
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variation of ε: variation of −pb:

ρmax and ρave over ε ρmax and ρave over −pb
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Coupling of Ground and Surface Water

supercritical surface flow over dry Soil: clogging interface condition
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