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Kakeya problem (1917):

Which region D minimizes area for which a needle of length 1 can
be rotated inside D by 27 radians?
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Kakeya problem (1917):

Which region D minimizes area for which a needle of length 1 can
be rotated inside D by 27 radians?
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Convex Kakeya problem:

Which convex region K minimizes area for which the breadth in
each direction is at least 17
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w(K) = min, w(K, u)

\\\\‘ /




Convex Kakeya problem:

Which convex region K minimizes area for which w(K) > 1?

w(K) = min, w(K, u)




Theorem (P4l, 1921)

Let K be a planar convex set. Then

AK) _ 1
WK = V3




Theorem (P4l, 1921)

Let K be a planar convex set. Then

A(K) 1

w(K)? ~ V3

Equality holds iff K is an equilateral triangle.




Pal's problem

Let K € K". Find Ky € K" and C, > 0 s.t.

vol(K) _ vol(Ko)
w(KY" = w(koyr ~ "
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Observation:
Ko is w-minimal under inclusion.




Pal's problem

Let K € K". Find Ky € K" and C, > 0 s.t.

vol(K) _ vol(Ko)
w(K)" = wkoyn ~ "

Definition (

K is w-minimal under inclusion.







der Kantenldnge 1, Seine Dicke
igenUberliegender Kanten. Ersetzen

2 ist, dann ist l(1 :udbziagt. ﬂamy
Kreisbtgen, soweit sie in bK‘ lie~




Lassak's question (1990):

Does it exist reduced polytopes in dimension n > 37
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Lassak's question (1990):

Does it exist reduced polytopes in dimension n > 37

Theorem (Martini, Swanepoel '04, Averkov, Martini '08)
Let P € K" be a polytope inn> 3. If ...

Q it is a simplex, then ...
@ it is a pyramid, then ...
© it has n+ 2 facets or n + 2 vertices, then ...

... P is not reduced.




Theorem 1 (G.M., Jahn, Polyanskii, Wachsmuth '17)

Figure: A reduced polytope with 12 vertices and 16 facets




Question (f-vector)
If P € K" is a reduced polytope, find best c(n), C(n) > 0 s.t.

fo(P) + c(n) < fo_1(P) < fo(P) 4+ C(n)

(c(n), C(3) — 4 > 0).




Isodiametric inequality (Bieberbach 1915)

Let K € K". Then
vol(K) < vol (B3)

D(K)" = D(B3)"
Equality holds iff K = BJ.

—n
=2""k,.




Reverse isodiametric?

If K =[—a,a] x [-a~1,a~], for a > 0 arbitrarily large, then
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Reverse isodiametric?

If K =[—a,a] x [-a~1,a~], for a > 0 arbitrarily large, then

AK) 4
DKE (@11 "

Idea: Affine Geometry



Definition (Isodiametric position, Behrend '37, G.M., Schymura

'18+)

K € K" is in isodiametric position if

vol(K) - vol(A(K))
D(K)"  acar(nr) D(A(K))™




Definition (Isodiametric position, Behrend '37, G.M., Schymura

'18+)

K € K" is in isodiametric position if

vol(K) vol(A(K))

= sup ———
D(K)™  acar(nr) D(A(K))"

Definition

V c S" 1 is the set of diameters of K, and fulfills

| A

veV iff 3 xeK st x4+ D(K)[0,v] C K.




Theorem 2 (G.M., Schymura '18+)

Let K € K" be in IDP and V be its set of diameters. Then for
every L i-dimensional subspace, i € [n — 1],

1 veV st <(L v) > arccos (\/%) .
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Theorem 2 (G.M., Schymura '18+)

Let K € K" be in IDP and V be its set of diameters. Then for
every L i-dimensional subspace, i € [n — 1],

1 veV st <(L v) > arccos (\/%) .

Identifying WHEN K is in isodiametric position!




Lowner position

K C B7 is in Lowner position if B is the ellipsoid of minimum
volume containing K.




Lowner position

K C B7 is in Lowner position if B is the ellipsoid of minimum
volume containing K.

Theorem (John 1948, Ball 1992)

Let K € K" be 0-symmetric s.t. K C BS. The following are
equivalent:

@ K is in Lowner position.
@ There exist y;y € KNS 1, \; >0,ic€[m,n<m< (”erl),

S.t.
m
Z )\,‘U,‘U,-T = I,,.
i=1

\
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Theorem 3 (G.M., Schymura '18+)

Let K € K". The following are equivalent:
@ K is in isodiametric position.

° ﬁ(K — K) is in Lowner position.




Remark 1 (Dvoretzky-Rogers Factorization 1950)

Let yy € S" L, X\, >0, st. I, = o /\,-u,-u,-T. Then there exist
1<ip<--<ip<mst.

<(Lj, uj,,,) > arccos <\/%> where L; = span(uj, . .., uj).




Remark 1 (Dvoretzky-Rogers Factorization 1950)

Let yy € S" L, X\, >0, st. I, = o /\,-u,-u,-T. Then there exist
1<ip<--<ip<mst.

(L, uj,,) > arccos <\/Z> where L; = span(uj, . .., uj).
n

The vectors u; = %(ﬂ, ...,®1), i € [2"] and
L; = span(ey, ..., €j) shows that Theorem 2 is best possible.




Theorem 4 (G.M., Schymura '18+)

Let u; € S™1, X\; >0, i €[m], withn<m< (”erl), be such that

m
In: E )\,’U,’U,-T.
i=1

Then
n
min fu ] <41~ (%) <E>2-
1<i<j<m (2) n

The inequality is sharp for m = n, n + 1, and sometimes for (";Ll)-

v




Theorem 4 (G.M., Schymura '18+)

Let u; € S™1, X\; >0, i €[m], withn<m< (”erl), be such that

m
In: E )\,’U,’U,-T.
i=1

Then
n
min fu ] <41~ (%) <E>2-
1<i<j<m (2) n

The inequality is sharp for m = n, n+ 1, and sometimes for ( 2

n+1).
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1
arccos (W) DR-F

Wiy, ujp) 2
(i, ue) arccos( 1 ) GMS

Vv n+2




Lemma 1 (Gen. Cauchy-Binet formula)

Let Ae R™™ B e R™" and /,J € (I"). Then

det((AB);)) = > det(A;p)det(Bp, ).
Pe(')




Lemma 2

Let y; € S™1, X\;>0,ie[m], n<m< ("erl), be
st. I, =Y., Niuju]. Then for every i € [n]

(7) = Z Ay det((U))TUy),

Je(")

where Ay =T[;c,Aj and Uy = (uj : j € J).




Lemma 2

Let y; € S™1, X\;>0,ie[m], n<m< ("erl), be
st. I, =Y., Niuju]. Then for every i € [n]

(7) = Z Ay det((U))TUy),

Je(")

where Ay =T[;c,Aj and Uy = (uj : j € J).

For instance, n =3 7" ;.



Lemma 3
Let me N, m>2 X >0, i€ [m], and ¢ > 0 be such that
c=" A If

FOL - Am) = D AN,

1<i<j<m

then

c?(m—
max f(Ai,...,A\m) =f(c/m,... , c/m) ::44£444412.

Ai>0 2m




Theorem 4 (G.M., Schymura '18+)

Let u; € S™1, X\; >0, i €[m], with n<m< (";1), be such that

m
In: E )\,’U,’U,-T.
i=1

Then
n 2
min_|u uj] < 1—(2m)<m> :
1<i<j<m (2) n

The inequality is sharp for m = n, n + 1, and sometimes for (ngrl)-
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1<i<j<m
T, )2
= ) NI - (6 )
1<i<j<m
< max Z AN |- max (1 - (u uy)?)
X =m0 1<i<j<m 1<i<j<m




<

1<i<j<m
T \2
> AN (] g)?)
1<i<j<m
max Z AN | max (1= (u] u)?
X =020 i 1§i<j§m( (w7 ))°)

(

n

m

'

m
2

1<i<j<m

_ i T,,)2
> <1 1g5’l'j"gm(“' uj) >




Proof of equality.

n
M==Apn=— and |y u|=
m




Proof of equality.

m—n

=2, = Tyl = -1
A1 = Am - and |u; uj| M =1)’

i.e., {u1,...,un} is set of equiangular lines with

<(u7, uj) = arccos <1 /n(mm__"1)> :




=0
n:lulul =
m =

U2

uy



=0
n:|ul
m =

u3

uy
U2




=0
n:|ul
m =

u3

uy
U2




m=n:|uluyl=0

u3

Us Uy

Lemmens-Seidel '73:
¥ n =4 Not sharp :(




m=n:|uluyl=0

u3

U2 U1

Lemmens-Seidel '73:

¥ n =4 Not sharp :(

A butforn=7and n=23is
sharp too.




Corollary (Behrend 1937)
Let K € K? be in isodiametric position. Then

vol(K)
D(K)?

=S

>

Equality holds iff K is an equilateral triangle.




D(K)=1,V = {u,—},-e[m], C := conv([x;,x; + u;] : i € [m]) C K.
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D(K)=1,V = {u,—},-e[m], C := conv([x;,x; + u;] : i € [m]) C K.
Then

vol(K) > vol(C)

> vol(conv([x1, x1 + v1] U [x2, x2 + tp]))

\Y

VO/(%CODV({ZlIUhj:‘Q}))

1
=> 1 — (uf u)?




D(K)=1,V = {u,—},-e[m], C := conv([x;,x; + u;] : i € [m]) C K.
Then

vol(K) > vol(C)

> vol(conv([x1, x1 + u1] U [x2, x2 + w2]))
vo/(lconv({iuh +u2}))

\/ ul U2

V3
4

Vv

1-1/4=

I\)\l—l r\)\
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Thank you for your attention!!



